Abstract. We study a parabolic complex Monge-Ampère type equation of the form (1.1) on a complete non-compact Kähler manifold. We prove a short time existence result and obtain basic estimates. Applying these results, we prove that under certain assumptions on a given real and closed (1,1) form Ω and initial Kähler metric g 0 on M , the modified Kähler-Ricci flow g ′ = −Ric + Ω has a long time solution converging to a complete Kähler metric such that Ric = Ω, which extends the result in [1] to non-compact manifolds. We will also obtain a long time existence result for the Kähler-Ricci flow which generalizes a result [5] .
introduction
Let (M, g 0 ) be a smooth complete non-compact Kähler manifold. In this article we will study parabolic complex-Monge Ampère equations of the following type on M:
where f and σ(t) are given smooth families of functions and real and closed (1, 1) forms on M for t ∈ [0, T ) respectively, u is a smooth function on M and ω 0 is the Kähler form of g 0 . There is a close connection between (1.1) and the Kähler-Ricci flow equation on M (1.2)
where ω is a Kähler form with corresponding Ricci form Ric(ω). Let v be a solution to (1.1) such that the corresponding family ω(t) := σ(t) + √ −1∂∂v are Kähler forms. Then if Ric 0 = √ −1∂∂f and σ(t) = ω 0 , then ω(t) evolves under (1.2) and remains in the Kähler class [ω 0 ] (see [1] , [6] ). On the other hand, if f = 0 and σ t = −tRic(ω 0 ) + ω 0 , then ω(t) evolves under (1.2) but does not remain in the same Kähler class in general (see [20] , [21] on compact manifolds and [11] on non-compact manifolds). Conversely, it can also be shown in the above cases that given a solution ω(t) to (1.2), there exists a corresponding solution v to (1.1) such that ω(t) := σ(t) + √ −1∂∂v (see references above). One of the goals in this article is to generalize our previous results in [6] where the authors proved: when Ric 0 = √ −1∂∂f and σ(t) = ω 0 , then g 0 converges to a Kähler Ricci flat metric g under (1.2) under certain additional assumptions on f and g 0 . We will extend this result to the case when Ric 0 − Ω = √ −1∂∂f where Ω is given but not necessarily zero. We prove that when (M n , g 0 ) is complete, non-compact with bounded curvature, with volume growth V x 0 (r) ≤ Cr 2n for some x 0 and C for all r, and satisfies a certain Sobolev inequality, then:
Under the above conditions, the Kähler-Ricci flow (1.2) has a long time solution g(t) converging smoothly on M provided |f |(x) ≤ for some C, ǫ > 0 and all x such that the Ricci form of the limit metric is Ω. See Theorem 4.2 for details. This will correspond to (1.1) in the case ω(t) = ω 0 and Ric 0 − Ω = √ −1∂∂f in which case the equation for ∂ ∂t ω(t) will change from (1.2) only by the addition of Ω = √ −1∂∂f to the RHS of (1.2). The proof combines the a priori estimates developed here together with estimates from [6] , in particular the C 0 estimate. The main difference here is that the corresponding metrics g(t) are not evolving under the standard Kähler-Ricci flow (1.2), and general Kähler-Ricci theory cannot be directly applied as in [6] . Our results are motivated by the results in [18, 19] which extend the famous results in [22] to the complete non-compact setting under additional assumptions. By studying the elliptic Monge-Ampère equation Yau [22] proved that if (M, g 0 ) is a compact Kähler manifold and Ω ∈ c 1 (M), then there exists a Kähler metric g in the same class as g 0 with Ω as its Ricci tensor. This result was later re-established in [1] by considering the corresponding parabolic complex Monge-Ampère on compact manifolds.
Our second goal will be to establish a longtime existence result for (1.2). We prove that when (M n , g 0 ) is smooth, complete and non-compact with injectivity radius bounded below and curvature approaching zero pointwise at infinity then Under the above conditions, the Kähler-Ricci flow (1.2) has a smooth longtime solution provided there exists a strictly plurisubharmonic function on M. See Corollary 4.1 for details. Since a simply connected complete noncompact Kähler manifold with nonnegative holomorphic bisectional curvature is a product of a compact Kähler manifold with nonnegative holomorphic bisectional curvature and a complete non-compact Kähler manifold with nonnegative holomorphic bisectional curvature supporting a strictly pluri-subharmonic function [13] , the theorem generalizes the longtime existence result in [5] . In particular, the result applies when M = C n or more generally a Stein manifold. We establish this by showing (1.1) has a longtime solution for appropriate choices of f and σ(t). The proof combines ideas from [11] , the a priori estimates developed here and the results in [5] . In fact, this is a corollary of a more general result Theorem 4.1.
The paper is organized roughly as follows. In §2 we prove a general shorttime existence result for (1.1) where we do not assume f or v(x, 0) are bounded. In §3 we prove a priori estimates for (1.1) where we assume f and v(x, 0) = 0 are bounded. In §4 we prove the main results Theorem 4.1 and Theorem 4.2.
Short time existence
Consider parabolic complex Monge-Ampère equation (1.1) on a complete non-compact Kähler manifold (M, g 0 ) where σ = σ(t) is a given smooth real and closed (1, 1) form on M for t ∈ [0, T ), ω 0 is the Kähler form of g 0 , and f and u are smooth possibly unbounded functions on M × [0, T ) and M respectively.
We will do our analysis of (1.1) in appropriate Hölder spaces on M which in turn will involve the notions of bounded geometry of various orders with respect to g 0 . We will now make the appropriate definitions for these. We begin by recalling the definition for a complete Kähler manifold (M n , g) (n is the complex dimension) to have bounded geometry of a certain order, and we also recall the corresponding parabolic and elliptic Hölder spaces on M relative to g 0 (see also [2, 18, 19] ). Definition 2.1. Let (M n , g) complete Kähler manifold. Let k ≥ 1 be an integer and 0 < α < 1. g is said to have bounded geometry of order k + α if there are positive numbers r, κ 1 , κ 2 such that at every p ∈ M there is a neighborhood U p of p, and local biholomorphism ξ p from D(r) onto U p with ξ p (0) = p satisfying the following properties: (i) the pull back metric ξ * p (g) satisfies:
where g e is the standard metric on C n ; (ii) the components g i of ξ * p (g) in the natural coordinate of D(r) ⊂ C n are uniformly bounded in the standard C k+α norm in D(r) independent of p.
It is obvious that if g 0 is of bounded geometry of order k + α, then it is of bounded geometry of order k + α ′ for all α ′ < α. The family
is called a family of quasi-coordinate neighborhoods.
In the following we will define a norm on m forms on M for any m and we will define corresponding Banach spaces. We will make these definitions relative to fixed quasi-coordinates F . For two different quasi-coordinates, the corresponding norms defined will be equivalent f, and the corresponding Banach spaces will be the same. See the appendix for details.
For any domain Ω in C n and integer k ≥ 0 and 0 < α < 1, let ||·|| Ω,k+α be the standard C k+α norm for functions on Ω. If T > 0 and k is even let || · || Ω×[0,T );k+α,k/2+α/2 be the standard parabolic C k+α,k/2+α/2 norm for functions on Ω × [0, T ) (see appendix see details).
Define the C k+α (M) norm for a smooth m-form f on M by
where I represents a multi-index and the (ξ * p f ) I 's are the local components of the form ξ * p f . Likewise, if T > 0 and k is even define the (M × [0, T )) are Banach spaces. We will omit the subscript m in the notation when there will be no confusion.
We have the following lemma: 2.1.
) be a complete non-compact Kähler manifold of bounded geometry of order 2 + α. Then (i) M has bounded curvature.
(ii) There is a smooth function ρ ≥ 1 such that near infinity it is equivalent to the distance function from a fixed point and has bounded gradient and Hessian.
Proof. (i) is obvious from the definition of bounded geometry of order 2 + α.
(ii) is a result in [15] , see also [16] .
In order to state the main result of short time existence of (1.1), we first discuss the following special case:
be a smooth complete non-compact Kähler manifold of bounded geometry of order 2 + α and let σ = σ(t) be a smooth family of closed and real (1, 1) 
Proof. The idea is based on a general implicit function Theorem argument outlined in [9] 1 . By choosing a smaller T if necessary, we may assume that σ is uniformly equivalent to ω 0 in M × [0, T ]. In particular, there exists δ > 0 and
For the remainder of the proof for any k and β we will denote the spaces C k+β,k/2+β/2 (M ×[0, T ]) and C k+β (M) simply by C k+β,k/2+β/2 and C k+β . We define
Then the map F is well defined and C 1 such that the differential DF v at any v ∈ B is given by
i is the inverse of ( v σ) i := σ i + v i . Claim 1: DF v is a bijection from the Banach space
Note that the claim is straight forward in the case that v σ has bounded curvature on M × [0, T ]. As we cannot assume this however, we must proceed more carefully. Let ρ be a smooth function on M equivalent to the distance function with respect to g 0 from some point p as Lemma 3. Since the metrics v σ are uniformly equivalent to g 0 and ρ ≥ 1, there is a constant C 2 such that
On the other hand, the minimum of φ + ǫe C 2 t ρ is attained in a compact set of M ×[0, T ], and thus by the maximum principle, we conclude that φ + ǫe
Similarly, one can prove that φ ≤ 0. Hence φ = 0 and DF v is injective. Now, let Ω l be bounded domains with smooth boundary which exhaust M and l φ be the solution of
By the maximum principle, we conclude that l φ ≥ −C 3 . Similarly, we have l φ ≤ C 3 . Hence the sequence | l φ| is uniformly bounded by C 3 . Now for any p ∈ M, let (ξ p , U p ), and ξ p : D(r) → U p be as in Definition 2.1. The pull back of l φ satisfies:
For simplicity, we use l φ to denote the pull back of l φ, etc. By our hypothesis, the components ( v σ) i above are uniformly equivalent to the standard Euclidean metric and are uniformly bounded in the standard C α,
Then by standard Schauder estimates we have
for some C 4 independent of p and sufficiently large l. Now a standard diagonalizing subsequence argument produces a φ ∈ C
< ǫ for sufficiently small τ > 0. We will still use w τ and w 0 to denote the respective pull backs under ξ p . Let x, x ′ ∈ D(r), t, t ′ . Let A be the 2 + α norm of w 0 and let
where we have used the fact that
,
because |t − t ′ | ≤ τ . In either case above we see that the claim is true.
, and if |t − t ′ | ≤ τ , then we can prove as in Case 1 that
.
In either case above we see that the claim is true.
Hence by the inverse function theorem we have Proposition 2.1. Let (M n , g 0 ) be a smooth complete non-compact Kähler manifold of bounded geometry of order 2 + α. Let u be a smooth function on M and let f and σ = σ(t) be a smooth family of functions and real and closed (1,1) forms, respectively, on M for t ∈ [0, T ). Suppose that
Then there exists 0 < T ′ ≤ T and a smooth solution v to
Proof. Let u, σ and f be as in the Proposition and let
and there is T ′ ∈ (0, T ) and c > 0 such that
Then v 0 satisfies condition (iii) in Lemma 2.2 with σ replaced byσ. By Lemma 2.2, by choose a smaller T ′ we may assume that there is
and
Hence v is a solution to (1.1), v is smooth and 
Thus (2.6) is a strictly parabolic equation for v l with initial condition
are bounded by a constant independent of t. It follows from parabolic Schauder theory that the C
is bounded by a constant independent of p. Repeating the above argument with respect to a conjugate coordinate zl, we conclude that C 
are bounded by a constant independent of t (see remark 1). Repeating the above arguments, together with the fact thatṽ is uniformly bounded and the assumptions on u and f we conclude thatṽ is in the C 2+α,1+
. By the bootstrapping argument above it is also not hard to see that v is in fact smooth. Remark 1. In the second to last sentence in the proof above we actually have that the C α 2 , α 4 norms of the first space derivatives of ( v σ)) i and
are bounded by a constant independent of t. Thus by the above argument we in fact have that the C The shorttime existence of (1.2) was proved by Shi [14, 15] assuming (M n , g 0 ) is a complete non-compact Kähler manifold with bounded curvature. Proposition 2.1 re-establishes this fact under the additional assumption of bounded geometry of order 2 + α such that the Ricci form is in C 2+α (M), with much shorter proof. In particular, we have Corollary 2.1. Let (M n , g 0 ) be a complete non-compact Kähler manifold with bounded geometry of order 2 + α and the Ricci form is in C 2+α (M) for some α > 0. Then there exists T > 0 such that (1.2) has a solution g(t) on M × [0, T ) such that for each t, g(t) has bounded curvature and is equivalent to g 0 .
Proof. Apply the Proposition to find a short time solution v of (1.1) with σ(t) = −tRic 0 + ω 0 and f = 0. Then ω(t) = σ(t) + √ −1∂∂v is the required solution of the Kähler-Ricci flow.
A priori estimates
Let (M n , g 0 ) be a smooth complete non-compact Kähler manifold with bounded geometry of order 2 + α for some 0 < α < 1. Let f and σ = σ(t) be a family of smooth functions and Kähler forms on
where ω 0 is the Kähler form of g 0 . In this section, we want to obtain estimates on v. The derivations of the estimates are rather standard and along similar lines as in [22, 1] (compact case) [2, 6, 11] (non-compact case), except that we have a more simple proof for the second space derivatives of v t (see Lemma 3.4) .
Throughout the section we will let g kl (t) = (σ(t)) kl + v kl . We will use ∆, ∇, | · | and ∆ σ , ∇ σ , | · | σ to denote the Laplacian , covariant derivatives and norms with respect to g and σ respectively.
Let us recall some well-known results, see [22, 2] 
(i)
where C is a constant depending only on n and a bound on the holomorphic bisectional curvature of h and R i is the Ricci curvature ofh.
where ; is the covariant derivative with respect to h and let
Then in normal coordinate with respect to h:
where Rm h is the curvature tensor of h and the last constant C 2 depends only on the equivalence ofh and h . 
the holomorphic bisectional curvature of σ is bounded by A 7 , and the Ricci curvature R 0 i of g 0 is bounded by A 8 .
Then there is a positive constant C depending only on n and A 1 − A 8 such that
Proof. Let w = −v t . We have
where C 0 depends only on n and A 1 and A 3 . From this the first inequality in (3.4) is true. On the other hand, by Lemma 3.1 at a point with normal coordinate with respect to σ(t) such that
Here C 1 is a constant depending only on n and A 7 and C 2 is a constant depending only on n, A 1 , A 3 , A 4 , A 5 , A 7 , A 8 where we have used (3.5), the fact that u iī > −1 for each i and the fact that
where C 3 − C 6 are positive constants depending only on n and A 1 − A 8 , where we have used (3.5).
We now want to apply a maximum principle argument to (3.7). The argument is basically similar to that in [15] where maximum principles were derived for the case where g(t) is evolving by Kähler-Ricci flow, except that in our case we do not assume the curvature of g is bounded.
Since g 0 has bounded curvature, we can find a function φ as in Lemma (ii). At a point we can find holomorphic coordinates such that g i is diagonalized at this point with respect to g 0 . Combining (3.5) with our assumption that ∆ σ v is a bounded function for each t < T , it follows that g(t) and g 0 are uniformly equivalent for each t < T . Then
Hence ∆φ ≤ αφ, where α may depending on T . Consider h = e αt φ we have
Consider the function
, H is bounded from above and will tend to −∞ at infinity by (3.5) and the fact that v is bounded. H must attains its maximum. Hence by the maximum principle, H cannot attain positive maximum at t > 0. Hence
The second inequality in (3.7) is true by letting ǫ → 0.
Corollary 3.1. Assume the hypothesis and notation in Lemma 3.2. Then here exists a positive constants C > 0 depending on n and A 1 −A 8 in Lemma 3.2 such that
Lemma 3.3. Assume the hypothesis and notation in Lemma 3.2. In addition assume there exist A 9 and A 10 such that on M × [0, T ),
where Rm σ is the curvature tensor of σ. Suppose that |v ;ik | σ is bounded on M × [0, T ′ ] for all T ′ < T . Then there is a constant C depending only n and A 1 − A 10 such that
Proof. In the following C i 's denote positive constants depending only on n and A 1 − A 10 . For 0 ≤ t < T , by Lemma 3.1 we have that in normal coordinates with respect to σ,
On the other hand, direct computations show:
where we have used (3.1) and Corollary 3.1. Hence by Lemma 3.2 (3.12)
By assumption and Corollary 3.1, Q +
As in the proof of Lemma 3.2, we can conclude that the lemma is true by the maximum principle. Now we want to estimate the function w = −v t . We begin by noting the following estimate which follows immediately from Lemma 3.3, (3.1) and (3.8): 
where ∇ 0 is the covariant derivative with respect to g 0 . Then there exists a positive constants C > 0 depending on n and and
Now we want to estimate higher order derivatives ow w. By (3.1) we note that
and (3.14)
where 
where we have used (3.14). 
Then there is a constant C depending only on n and
Proof. In the following C i will denote positive constants depending only on n and A 1 − A. By (3.13) and Lemma 2.1 in [12] (
where we have used (3.14) . In normal coordinates with respect to g: for some constant C 1 depending only on n and A 1 − A, where we have used the fact that |∇S| 2 ≤ 2S i,j,k |w ijk | 2 . In order to estimate |F i |, note that in normal coordinate of σ at a point,
Using Corollary 3.1, Lemma 3.3 we have
for some constant C 2 depending only on the constants in the lemma. Now in a normal coordinate of σ we have
Hence by (3.22), we have
On the other hand, by Corollary 3.1, Lemma 3.3, (3.11), (3.21) and (3.3) we have:
By (3.17), (3.20) , (3.24), (3.23), Lemma 3.3, Corollary 3.1 and Corollary 3.2, we can find positive constants C 5 , C 6 , C 7 depending only on the quantities in the lemma such that in
where we have used (3.17) . By assumption, for each t ∈ [0, T ), S is bounded. One may then proceed as in the proof of Lemma 3.2 to conclude that S ≤ C for some constant C depending only on the constants mentioned in the lemma.
From the above Lemmas we may conclude Corollary 3.3. Let v be as in Lemma 3.4. There is a constant C depending only on the quantities in Lemma 3.4 such that
Remark 2. Let Ω be a bounded domain. Suppose the quantities that we want to estimates in this section are bounded in ∂Ω × [0, T ). Then it is easy to see that from the above proofs we may conclude that the quantities are also bounded in Ω × [0, T ).
Applications
We will now apply the results of the previous sections. Given a solution v(x, t) to (3.1) as in the previous section, we are interested in establishing conditions under which we have longtime existence of v(x, t) as a solution to (3.1). More generally we are also interested in where singularities can form when (3.1) does not admit a longtime solution. In Theorem 4.1 below we describe where singularities of (3.1) can occur in the case where our solution corresponds to a solution to the Kähler-Ricci flow. As a corollary we will establish a longtime existence result for the Kähler-Ricci flow in Corollary 4.1 which improves the longtime existence result in [5] . Then in Theorem 4.2, combining the C 0 estimate in [6] with the a priori estimates of the previous section we establish a longtime convergent solution to (3.1) under certain conditions which generalize those in the main result in [6] .
The following Theorem describes where singularities can or cannot form under the Kähler-Ricci flow in terms of the existence of plurisubharmonic functions defined on subsets of a complete non-compact Kähler manifold.
ii) The injectivity radius of (M, g 0 ) is uniformly bounded below by some c > 0. iii) There exists an open set S with smooth compact boundary ∂S and a smooth function F which is strictly pluri-subharmonic on S and smooth up to ∂S.
Let g(t) be a solution to the Kähler-Ricci flow g ′ = −Rc on M × [0, T ) with initial condition g(0) = g 0 . Then for any closed set N contained in S, the Riemannian curvature tensor of g(t) and all its covariant derivatives are bounded on N × [0, T ) provided they are bounded on ∂S × [0, T ).
Proof. By the results in [15] , we may assume that g 0 is smooth and that all the covariant derivatives of the curvature tensor of ω 0 are bounded on M. Now suppose g(t) solves the Kähler-Ricci flow g ′ = −Rc on M × [0, T ) with initial condition g(0) = g 0 , and that the curvature of g(t) all its covariant derivatives are bounded on ∂S × [0, T ).
By the discussion in the introduction, we know that there is a solution v(x, t) to
on M ×[0, T ) such that σ = −tRc 0 +ω 0 and ω = σ+ √ −1∂∂v where ω is the Kähler form for g(t). By Theorem 9.1 in [5] we can find sufficiently large bounded open sets Ω 1 , Ω with smooth boundary such that
for all k and some C k depending only on Ω and k.
In particular, from our hypothesis and the definition of σ it is not hard to show we thus have |∇
where Ω 1 N has compact closure in Ω S. Hence by condition (ii) above, we see that to prove the theorem it will be sufficient to prove that |∇
T ) for all k and some C k depending only on g 0 , k, T and Ω ′ where Ω ′ is any closed subset of Ω S. We now proceed to do this. We begin by showing Claim 1:
We will establish the claim by using the a priori estimates from the previous section applied to domains (see Remark 2) , and by using the plurisubharmonic function F and arguing as in [11] where the authors considered the normalized Kähler-Ricci flow g ′ = −Rc−g on a complete non-compact Kähler manifold (also see [20] and [21] ).
We begin by differentiating (4.1) with respect to t successively to obtain the following which we express in an orthonormal coordinate with respect to g(t):
Now from our above observation and (4.1), we know that |v tt | is bounded on ∂(Ω S)×[0, T ). From this fact and (4.3), we conclude by the maximum principle that v tt , and thus v t and v is bounded from above on (Ω S) × [0, T ). Now for the bound from below, we use the plurisubharmonic function F and compute in an orthonormal coordinate with respect to g(t):
where in the second equality we have used the fact that by scaling F we may assume that we have 2T (σ ′ t ) iī +F iī ≥ 0 on (Ω S), σ ′ = −Rc 0 and the fact that n = g ij g ij = g ij (σ + ∂∂v) ij = ∆v − tg ij (Rc 0 ) ij + g ij (ω 0 ) ij . Arguing as above and using the bound on v from above, we conclude from (4.4) and the maximum principle that v t and thus v is bounded from below on (Ω S) × [0, T ). This completes the proof of the claim.
We now modify (4.1) so that the varying background metric is uniformly Kähler . We note that
and we letσ
By condition (iii), by scaling F we may assume that σ(T ) + ∂∂F is equivalent to ω 0 on (Ω S). Henceσ is uniformly equivalent to ω 0 on (Ω S) × [0, T ). Then from the above equations and (4.1) we have
The point is that the backgroundσ is now a Kähler metric which is uniformly equivalent to ω 0 on (Ω S) × [0, T ). On the other hand, our previous estimates imply that |v t | and thus |v| are uniformly bounded on (Ω S) × [0, T ). From this fact, the above observation that |∇ We now turn to our second application of the a priori estimates from our previous section. We will establish the following convergence result for (3.1) which generalizes the main convergence result in [6] . (4.8)
for some C 1 , ǫ > 0, and all x ∈ M where ρ 0 (x) is the distance function from a fixed o ∈ M. (b) The following Sobolev inequality is true:
(c) There exists a constant C 3 > 0 such that
for some C 3 > 0 and all r where V 0 (r) is the volume of the geodesic ball with radius r centered at some o ∈ M. Then as t → ∞, g(t) converges uniformly on compact sets in the C ∞ topology on M to a complete Kähler-Ricci metric g ∞ on M which is uniformly equivalent to g 0 , has bounded geometry of order 2 + α and has Ricci form equal to Ω.
Remark 3. If we assume further that all the covariant derivatives of Rm 0 and f 0 are bounded, then g ∞ will also have all covariant derivatives of curvature bounded.
As in [6] our approach is to consider (3.1) where we set σ = g 0 . In other words, we consider the equation
On the other hand, it is not hard to show that given a solution g i (t) to (4.8) on M × [0, T ), then we obtain a solution v(x, t) to (4.12) on M × [0, T ) (see [6] ). We now prove the first part of the Theorem. First note that the assumptions on the curvature tensor imply (M, g 0 ) has bounded geometry of order 2 + α for some 0 < α < 1 by [19] . The assumptions on f then imply that f ∈ C 2+α (M). Hence under the hypothesis in the theorem, by Proposition 2.1 there exists a maximal smooth solution v to (4.12) satisfying the conclusions of the Proposition on M × [0, T ) for some T > 0. On the other hand, differentiating (4.12) with respect to t gives (4.13)
and thus by the maximum principle and our hypothesis on f 0 , we conclude that |v t | and thus |v| is uniformly bounded on M ×[0, T ). Now by Remark 1, we may have that the conclusion of Corollary 3.3 is true on M × [0, T ) for some constant C. From this, Remark 1 and Proposition 2.1 we see that if T < ∞ we could then extend v as a solution to (4.12) to M × [0, T ′ ) for some T ′ > T which contradicts the maximality of T . Thus we must have T = ∞ which establishes the first part of the Theorem. We now prove the second part of the Theorem on convergence. In [6] a C 0 estimate was established for (4.12) under the conditions of Theorem 4.2 and the additional assumption that Ω = 0. The key difference in this case is that the corresponding metrics g(t) will evolve under the standard Kähler-Ricci flow, and general Kähler-Ricci theory may then be applied. On the other hand, the a priori estimates of the previous section basically ensure that by the same proof as in [6] we obtain the same C 0 estimate without this additional assumption. Our a priori estimates and Proposition 2.1 then imply the existence of a longtime solution to (4.12) which stays uniformly bounded in the C 0 norm on M with additional higher order derivative bounds aswell. We state this more precisely in the following Thus g i (t) = (g 0 ) i + v i is a family of Kähler metrics on M such that for each t ∈ [0, T ), g(t) is equivalent to g 0 . Moreover, by remark 1 we in fact have that for each t ∈ [0, T ), g(t) has bounded curvature. It follows from the proof of Lemma 4 in [6] that we have sup t∈[0,T ) |v(t)| ≤ C for some C independent of T .
In particular, by Corollary 3.3 we have v C 2+α,1+α/2 (M ×[0,T )) bounded independent of T . Thus by considering the pull back of (3.1) in an arbitrary quasi-coordinate and applying a bootstrapping argument, as in the last part of the proof of Proposition 2.1, we conclude that
Thus by Proposition 2.1 we can extend v(x, t) as a solution to (4.12) past T , and we may then assume that T = ∞ in the above discussion. This completes the proof of the first part of the Lemma. The proof of the second part of the Lemma follows from iterating the above bootstrapping argument.
Let v(x, t) is a longtime solution to (4.12) as in Lemma 4.1. We want investigate the longtime behavior of w(x, t) = u t (x, t). 
G
lk (s)ds) converges smoothly and uniformly on compact subsets of M to a smooth limit h i which is the inverse of a Kähler metric h as above. Our claim follows by taking a limit of (4.17) and using Lemma 4.2. On the other hand, by the proof of Lemma 3 in [6] we know that M |u(x, t)| p dV 0 ≤ C for some p and some C independent of t. Thus we have M |v(x)| p dV 0 ≤ C. It follows from this, (4.16) and the Liouville theorems in [23] that v = 0 and thus u 1 = u 2 . This completes the proof of Theorem 4.2.
Appendix
We begin by explicitly defining the local Hölder norms used in the definitions of the elliptic and parabolic Hölder spaces on M used in §2 (Also see [10] ). Let Ω be an open set in R m . Let k ≥ 0 be an integer and 0 < α < 1, then the C k+α norm of a function u on Ω is defined as:
where s is a multi-index, and
For T > 0, the C 2k+α,k+ If there is no confusion, we will simply write ||u|| k+α or ||u|| k+α,k+ α 2 . Now suppose (M, g) has bounded geometry of order k + α with respect to a quasi-coordinate system F where k is even. Fix some T > 0 and consider the associated parabolic Hölder norm || · || k,α;F for functions on M × [0, T ) as in Definition 2.2 where the additional subscript denotes dependence on the quasi-coordinate F . The following lemma basically says that the associated Banach space C k+α,k/2+α/2 (M×[0, T )) from definition 2.2 is independent of the choice of quasi-coordinate. 
